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lO 1 I. INTRODUCTION 

o : 

^vq \ Entangled states have been generated in many experiments and their applications in quantum Communications 
have been demonstrated (see for example Now great efforts are concentrated on investigation of multiparticle 
entanglement with its promising features which are interesting in decoherence-free quantum informational processing, 
, advanced multiparty quantum Communications and others. 

When considering implementation of the multiparticle entangled states (MES), one finds that most of them have 
been generated in òptics experiments. In a typical optical scheme photons of the source are distributed to output 
modes by linear lossless elements. If the configuration is symmctric and a photon enters input, then it can be found 
on any of the outputs. By this way the multimode light is achieved, its state belongs to the W-dass introduced by 
Cirac et al ,2| . Varying configuration of the scheme as well as using the source of polarized photons a more extensive 
| collection of MES than VF-class arises. Particularly it includes the Dicke states and can be studied from point of view 
Q\ . of quantum information theory (QIT) without referring to any physical system. Analysis of common features gives 
us an answer how to manipulatc MES in optimal way and which of informational tasks can be done using a given 
entangled state. In respect to physics MES are natural states of the multiparticle systems. So if any m partides of 
a large ensemble can be excited then all possibilities result in the considered MES. Indeed entangled states of two 
macroscopic atòmic ensembles have been demonstrated experimentally by Polzik et al [2j. 

It is important to know the common features of MES because it determines how to detect them in experiment. 
In QIT there is a set of criteria of entanglement which require the knowledge of the state or its entropy also Bell 
inequalities are often discussed. But exploiting such criteria in experiment is a hard problem. However there are 
t-^ ' specific witness observables which expectation vàlues indicate entanglement. Experimental implementation of the 
witness observable for polarized light have been demonstrated by Weinfurter et all Q • The estimation of an unknown 
state can be made by quantum tomography. Indeed this method has been used by Roos et all in experiment with 
trapped ions. Another way is measuring a such operator which eigenvector is the desired entangled state. Then its 
eigenvalue and variance indicate entanglement. In fact some members of the VT-class arc reduecd to the Dicke states 
which are eigenvectors of two collective operators J 2 and J3 |6|. In òptics implementation the spin variables can be 
associated with polarization of light and one can measure, for example, variances of these operators which describe 
noise of light. For eigenvectors these variances are equal to zero and it means that there is no noise. More precisely 
in such measurement the shot noise of light is suppressed bellow Standard quantum limit given by the coherent state. 

Quantum correlations are fragile and easily destroyed with environment nevertheless several MES have immunity to 
dccohcrcncc and thcy are robust to loss of partides. Thcsc features are attractive for quantum Communications, but 
their exploiting is a hard problem. For example, many attempts have been made to introduce W state instead of the 
EPR pair in the Standard teleportation protocol proposed by Bennett et al 0. But most of these proposals results in 
conditional teleportation, when the task is accomplished with a probability. However several of the VF-states can be 
suitable as a quantum channel for dense coding and the unconditional teleportation of entangled states also for the 
problem of secrete sharing and other tasks. 

The main aim of this work is to consider properties, implementations and applications of the collection of MES, 
which arc simple generalization of the W class. For a particular case of three-particle GHZ and W states transfor- 
mations between them, three-party quantum Communications protocols for secrete sharing and splitting of quantum 
information with GHZ have been discussed by Karlsson et al [S| • In our work using the Standard approaches of QIT 
we pay attention to physical features of MES. 
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This paper is organized as follows. First we describe tree-particle W state, which is non-equivalent to GHZ and 
robust to loss of particle. Then more general states are introduced and their connection with the Dicke states together 
with their properties, measures of entanglement and witness observables are considered. Next we examine several 
proposals for generating MES of àtoms and light and overview experimental implementations of the three and four 
photon W states. Finally several protocols are discussed. 

II. PROPERTIES 
A. Three-qubit GHZ and W states 

1. Classification of states in LOCC. 

There are strong definitions for the three-particle W states introduced by Cirac et al 0. These definitions are 
based on a set of transformations known as LOCC (Local Operations and Quantum Communication) . We will use a 
simple notation, that operators are local if U\íp)ab = A ®B \ip)ab, where operator A acts on the particle A and don't 
affect to B and so on. Following this point one finds, that the two-mode hamiltonian described a parametric down 
conversion source (PDC) H = íkh^tf — ab) is an example of non-local operator. PDC generates entangled states 
but they can't be created by LOCC. This is a general property of entanglement. 

How to compare one state with another? From physical reasons the answer is clear. If a physical system is prepared 
in different states, then by measuring of observables, one can distinct them in principle. In QIT, which operates the 
logical states without referring to any particular physical system, two states are identical, if they can be obtained 
from each other with certainty by LOCC. Particularly, it means, that parties can use these two states for the same 
task @. 

In this approach there are two classes of irreducible tripartite entanglement, namely either GHZ states |lf)j | 

|Girz) = i/V2(|ooo> + |m)), (i) 

and 

\W) = 1/V3(|100) + |010) + |001)), (2) 

known as W-state in QIT. Here |0),|1) are states of a two-level system, or qubit (quantum bit). One finds, that 
\GHZ) can't be converted into \W) by LOCC, but they are entangled because of their wave functions are not 
factorized into product of three partides. For general case the VF-class introduced by Cirac has the form ipw = 
a|000) + 6|100) + c|010) + d|001), where a 2 + b 2 + c 2 + d 2 = 1. 

2. Robustness 

Some differences between \GHZ) and \W) are clear without LOCC. 
Consider any two of three partides, say 1 and 2, which density matrix is yo(12) = Tr3p(123). If one of the partides is 
traced out, in QIT it means a loss of particle. In fact three parties share partides 1,2 and 3 in entangled state and 
one of them decides not to cooperate with other two. Can the remainder two parties accomplish the task? Answer 
depends on the robustness of the state. For GHZ 

p Gíí z(12) = l/2(|00)<00| + |ll)(ll|), (3) 

for W 

p w {!2) = 1/3|00)(00| + 2/3|*t)(*t| j (4) 

where *t = l/y^flOl) + |10)). The main difference is that the density matrix p\y{12) has non-diagonal elements or 
coherence |01)(10|. This is a reason of entanglement of P w{^2) in contrast to PghzO-2)- 

In more dctail. To analyze the mixed states it needs to introduce criteria of inseparability, that are generalizations 
of the non-factorizability of the wave function. A criterion of Wcrner ^ÏJ telis, that state is separable or classically 
correlated or non-entangled if its density matrix has the form 



p(12) =^A fc p(l)fc®p fc (2), 

k 



(5) 



where J2k^ k ~ 1 an( ^ a ^ ^ fc e [0, 1] . Then one finds that PghzÍ^,) is classically correlated. Next cri- 
terion is necessary and sufficicnt to establish inseparability of pw(12)- It telis, that the state which di- 
mension of Hilbert space is 2 x 2 or 2 x 3 is inseparable, if any of eigenvalues of the partially transposed 
density matrix is negative |l2j| . [l3j |. The partially transposed density matrix, say over particle 1, reads 
p Tl (12)w = 1/3|00)(00| + 2/3(|01)(01| + |10)(10| + |11){00| + |00)(11|), it has a negative eigenvalue, then p w (12) is 
inseparable or entangled. In this case quantum correlations between the remainder two partides survive after tracing 
and this is robustness to particle loss. 



B. Several generalizations 

1. Multiparticle W , ZSA and other states 

A simple generalizations is possible by introducing the n particle states of the form 

7?„(1) = gi|10, .. . ,0) + q 2 |01, . . . , 0) + • • • + ç n |00, . . . , 1)), (6) 
where J2k \lk\ 2 = 1- In particular case 

qi + ... q n = 0, (7) 

one finds the zero sum amplitude (ZSA) states introduced by Pati 01- They are not equivalent to GHZ under 
LOCC. If all coefficients in ?/ rl (l) are equal there is a totally symmetric wave function 

W n = 1/Vn(|10, . . . , 0) + |01, . . . , 0) + • • • + |00, . . . , 1)), (8) 

that is known in QIT as multiparticle W-states 2] . Such symmetric vector describes an ensemble of two-level physical 
systems, qubits, where only to = 1 particle from n is excited. When m > 1 the symmetrized states has the form 



to; n) 



1/Q^P 2 |1,...1,0,...,0), (9) 



where P z is one from = n\/(m\(n — to)!) distinguishable permutations of partides, Q = J C r " . All states in the 
superposition (JÜJ) have equal weight Q, when their weights are different the more general r\ mn states may be found, 
which are a natural generalization of the W^-class. The introduced collection of rj mn contains W , ZSA and symmetric 
states \m;n). 

These states seem to be natural for multiparticle systems and can be generated in many physical processes. When con- 
sidering problem of interaction between àtoms and light, for example, the collective atòmic operators are introduced. 
For two-level identical àtoms they read 

s xy = J2\*) a (y\, (io) 

a 

where |a;) a (y|, x, y = 0, 1 is operator of a single atom a and 0,1 label lower and upper level. There is a representation 
for |to; n) 

SF \0,...,0)=m\Q\m;n). (11) 

It telis, that any symmetric states |n; to), particulary W ones, can be produced in any process of collective interaction 
between àtoms and light or other system. There is a simple physical reason for it. When each of to < n identical àtoms 
absorb a photon, then all possibilities results in superposition \m; n), when àtoms are distinguished more general state 
r) nm arises. 



2. Connection with Dicke states 



Some members of the W class can be reduced to the Dicke states. Let introduce collective operators Jfc, k = 1, 2, 3 
and J 2 = J\ + Jf + Jf , that obey the commutation relations of the momentum operators 



[Jj', Jk] — iíjklJl- 



(12) 



The Dicke states are defined as eigenvectors of two operators J 2 and J3 [|| 

j 2 \ji)=ju+i)\ji), Mji)=im, (13) 

where |/| < j, max j — n/2, n is number of the partides and l = [{n — m) — m)]/2 is difference between the numbcrs 
of non-excited and excited partides. Using i|l(J|) . we have a representation 

Jx = (5io + 5 i)/2, J 2 = i(S 10 -S 01 )/2, J 3 = (S 00 -S n )/2. (14) 

Note, that in (|14(l the vectors |0), |1) however can be considered as the Fock state of light. 
All symmetric states have the form \j = n/2, l) and 

W n = \j = n/2, 1 = n/2-1). (15) 

For ZSA states 

Vn = \j = n/2-1, 1 = n/2-1). (16) 
As result W and ZSA are eigenvectors of J 2 and J3 and belong to family of the Dicke states. 

3. Symmetry and Decoherence-Free states 

When the symmetry of state is conserved in a physical processes one finds, for example, that the antisymmetric 
two-particle wave function = (1/V2)(|01> - |10>) can't be transformed into product |00). Such entanglement 
is therefore decoherence-free (DF). A state is DF if it is invariant under some unitary transformation, described an 
collective interaction with noisy environment. It is interesting for protection of information by the noiseless quantum 
code, that has been considered by Zanardi et al [Ï5| . 

Let V? - be the state of two àtoms, which interact with its thermostat, then 

Soi*~ = 0. (17) 

Formally looks as a vacuum and has immunity to the spontaneous decay. This state can be storage in a collective 
thermostat which has been considered by Basharov ^| . It is described by equation of the Lindblad form 

p = Rp - RpIÚ + h.c], (18) 

where 7 is a decay rate and R = Sqi is a collective operator. 

To preserve entanglement, in QIT a class of DF states has been introduced ^tJj |ï^- E3j E3- F° r ^ w0 partides there 
is only one DF state ^~ . In the case of four partides there are two DF states, which are interesting for applications. 
They are a product of singlots "f - 

$o = |*~)|*~) (19) 
and an orthogonal to <ï>o vector, introduced by Kempe 0] 

* x = (1/V3)(|0011) + |1100) - (20) 

To protect quantum information, the logical qubit a\0) + (3\1) can be encoded in to superposition aío + which 
is DF state and immune against noise. These two DF states have been generated experimentally by Weifurter et al 
|20| to demonstrate DF quantum information processing. 

Several examples of DF states of physical systems can be introduced by a simple generalization of l|17l) . Considcr 
T) n (l), where logical qubits are implemented by two-level àtoms or by modes of light in the Fock state with and 1 
photon. Next observation is true. There is a collective operator R, for which 



It can be chosen in the form R — Siq or R = ^2 k ak, where a k is annihilation operator of the light mode fc. If 
J2k Qk — 0, one finds ZSA states, which are robust to Decoherence like . So that either atòmic ensemble or light 
is prepared in ZSA state it may conserve its quantum correlations under a collective noisy environment. 



C. Entanglement of multiparticle W states 



1. Entanglement and its measures 

Entanglement of multiparticle system can depend from the number of partides. The reason is that if single excitation 
is distributed into a large number of partides then total state is closer to unexcited or vacuum state. 
In morc detail. Introducing a density matrix of n partides p(n) — \W n )(W n \ and considering a state of any s < n 
partides we have 

p{s < n) = {s/n)\W s ){W s \ + (1 - s/n)\0){0\. (22) 

For s = 2 the Peres-Horodecki inseparability criterion can be applied. The eigenvalues of the partially transposed 
density matrix are À = {1/n; 1/n; (n — 2)[1 ± ^/l + 4/(n — 2) 2 ]/2n, where one of them is negative. Thus the state is 
inseparable or entangled. However in the limit of n — > oo entanglement vanishcs: A = {0; 0; 0; 1}, that is in agreement 
with J52J), from which it follows, that p(s < n) sa |0)(0|. 

The problem whether a given multiparticle state is entangled is hard because of the calculation difhculty increases 
exponentially with number of partides. There is no necessary and sufficient operational criterion and various measures 
of entanglement are used. Several common measures are entanglement entropy, entanglement formation and negativity. 
Entanglement entropy E(\^)ab) of a pure state and a partition for the system A, B is defined as E(\^)ab) = 
S(pa) — S(pb), where S(p) = —Tr(p\ogp) is von Neuman entropy and pa = Ttb\^ab)(^ab\ is the reduced density 
matrix. For product states entanglement entropy is zero. It has its maximum logdim(A), given for a partition with 
dimcnsion dim(A) — dA,dim(B) — ds and dA < ds- A state that achieves this maximum is maximally entangled: 

^ab = 1/^51(10,0) + |1,1) + h \d A - l,d A - 1))ab- For EPR pair of the form \<p) = a|00) + 0\U) we have 

E(\(p)) — H(p), where H(p) = —plogp — (1 — p)log(l — p) is a function of entropy, well known in the theory 
of information, p = \a\ 2 = 1 — |/3| 2 . If p = 1/2 the function H(p) has its maximum corresponding to maximal 
entanglement. Using the presented definition the entanglement entropy of the W-state obtained from (|22|l has the 
form of H(p): 

E(\W„)) = -(s/n) log(s/n) - (1 - s/n) log(l - s/n), (23) 

where A and B are subsystems of s and n — s partides. If s = n/2, then A and B have the same number of partides 
and their entanglement achieves maximum. 

Entanglement of formation is reduced to entanglement entropy for pure states and defined as Ef(pab) = 
min {Pi^i)AB}J2 í P^ E (\^)AB), where p A B = Y^iPil^i)^- 

The logarithmic negativity is defined as the absolute sum of the negative eigenvalues of the partial transpose with 
respect to A of density matrix pab- So N(pab) — X)<(M — Aj)/2. Negativity may also disagree with other measures 
for the so-called positive partial transposed entangled states, which negativity is zero. It demonstrates, that to analyze 
multiparticle entanglement it needs various measures and criteria. 

There is a criterion, that can be interesting from the experimental point of view. It is based on single-particle mea- 
surement. The persistency of entanglement is defined as the minimum number of single-particle measurements M 
such that, for all measurement outcomes, the state is completely disentangled (separable) |2l|. Let |0), |1) be a basis 
of the measurement. Then for GHZ M = 1, but for W n it needs M = n— 1 measurements to obtain a separable state. 

2. Witness 

In practice exploiting of the above measures is a hard problem and any recipes adjusted to observables seem to be 
more appropriate. 

To detect various forms of multipatite correlations witness have been introduced 0] , (2^ • A witness of n- particle 
entanglement is an observable, which value on state with n — 1 partite entanglement is positive and negative on some 
n-partite entangled state. 

A witness operator for the three-particle W state reads 

W$= 2/3 -\W){W\. (24) 

In accordance with definition Tr[W / l ^''|H / )(VF|] = —1/3 and Tr\W^ pvv(12)] = 1/9, where two particle density matrix 
Pvf(12) is given by Q. This witness has positive expectation value on biseparable and fully separable states. Then 
it detects all tripartite entangled states of W and GHZ classes, which can be distinguished by the second witness 



operator 

WP =l/2-| GHZ')(GHZ'\, (25) 

where \GHZ') is obtained from \GHZ) by replacing \x) -> ((—1)^10) + i\l))/y/2, x = 0, 1. 
These witncsses can be observed in experiment. Using the Pauli matrixes one finds 

W$ = 1/24[17 + 7af 3 + 3(ct 2 <g> 1 <g> 1 + 1 a z ® 1 + 1 <g> 1 ® cr z ) + 5(af 2 <g> 1 + a z ® 1 <g) cr 2 + 1 <g> of 2 ) 

-(1 + a z + a x ) m - (1 + a z - a x f 3 - (1 + a z + a y ) m - (1 + a z - a y f 3 }. 

In òptics implementations two qubit states can be presented by the polarization of the photons with horizontal H 
and vertical V linear polarization. Then it needs a set of polarization analyzers to measure the witness operators |23j . 
Bcing non-universal measure, witnesses provide the sufficient criteria. 

Another way of testing the W entanglement is to measure the operators J 2 and J3 whose eigenvectors are W and 
ZSA states. In the representation given by (|14|l the spin variables can be associated with the H and V polarized 
photons. Then by measuring the polarization of photons one can get the expectation vàlues of J 2 and J3, whose 
variances are zero for W and ZSA states. These expectation vàlues and its variances indicate the entanglement. 



III. SCHEMES FOR GENERATION. 



A. Atòmic systems 



1. Schemes 



There are several proposals on generating of W states in Cavity Quantum Electrodynamics (QED) and Raman 
interaction between three-level àtoms and the high-Q cavity modes. These models seem to be attractive but they 
often neglect all relaxations processes that is a hard problem in its implementation. Some principal features can be 
demonstrated by considering a more simple model of two-level àtoms in free space. 

Interaction between an ensemble of two-level àtoms and light can be described by the usual Hamiltonian 

H = ih(S 1Q B- So^ï), (26) 

where B is a field operator. This Hamiltonian allows to examine various processes of the one-photon interaction, for 
which B = ga, Raman type scattering of two modes a and ò, when B = fa^b, where g, f are coupling constants. 
In the model given by l|26ll there are some physical reasons, that result in W states. Without relaxation one finds 
integral of motion conserving the total number of excitations m. For example, if all àtoms arc in thcir ground states 
and light in the Fock state with one photon only, then m = 1. In the case of one-photon interaction the integral has 
the form / = a^a — (1/2) [S00 — S'n]. Then during evolution àtoms and light exchange the excitation. As result m 
is distributed into atòmic ensemble or into the light modes and the symmetric Dicke states \m,n) particularly W n 
states of either àtoms or modes are generated. 

Generally the multiparticle model given by H2fi|l is not integrable. But for particular cases simple exact solutions can 
be found. The reason is that in the symmetry-preserving interaction only a part of states from the total Hilbert space 
is involved in evolution. Then one can get simple analytic solutions, if the problem includes a small number of m. In 
the case of Raman type interaction we have [24( 

(a|01)+j8|10)) o6 ®|m;n)-> 
a{cos0 TO |Ol) ® \m;n) + sin0 m |lO) <g> \m + l;n)} 
+/3{-sin6>;j01) ® \m- l;n) + cosflJJlO) <g> \m;n)}, (27) 

where \a\ 2 + \{3\ 2 = 1, 6 m = tj\J (m + l)(n — m), B' m = 9 m ~\- This example shows evolution of the totally symmetric 
initial state of àtoms \m\n) and entangled state a|01) + /?|10) of two modes. Equation l|27Jl describes the next 
processes: 1/ generation of atòmic W entanglement |0;n) — ► |l;n) = W n , 2/ transformation of the symmetric states 
\m;n) — > \m ± í;n), 3/ entanglement swapping, when the light state is transformed into àtoms and back. 
Preparation of the W and GHZ atòmic states in Raman type interaction has been considered by Agarwal et al [25| . 
In this work the numerical analyze of the analytic solutions has been presented. 

If an excited atom interacts with three or more cavity modes, it can emits a photon into one of them, then the W 
state of light may be achieved j2|J . 



Measurement is another way for preparation of a physical system in a given state, but it can be done with some 
probability. If àtoms interact with cavity modes, then by detecting an output photon the atòmic W and Dicke states 
may be achieved |27j . 

Interaction between àtoms and light can produce entanglement between them. Such systems are useful for preparing 
cntangled state of atòmic ensembles, when a projective measurement on photons is performed. By this way W states 
of atòmic ensembles can be achieved M, túy have a hierarchic organization being consisting of ensembles each of 
which is in the W state. 

Indeed the Heisenberg model was used to produce three-atom or four-atom W state in Ref. [2^. 

2. Experiment with trapped ions 

Three qubit W and GHZ states of trapped ions have been generated experimentally by Roos et all and conditional 
operations for readout of an individual qubit have been implemented. 

In this experiment qubits are encoded in the ground and metastable states D and S of the 40 Ca + ion. A làser pulse 
can rotate each ion 

R(0,(f>) = exp[i6/2(e lft >o- + + e _i *o·-)] > (28) 

that results in transitions between levels D and S, wherc er + = \S) (D\. By this way the ir/2 pulse, for which R(jr/2, 0), 
creates a superposition l/\/2(\S) + i\D)), if initially ion is in «S* state. When ions are trapped in a linear Pauli trap 
each of them can interact with vibrational mode due from motion 

R+(6, (/>) = exp[i6'/2(e^cr + ò t + e^o^ò)], (29) 

where ò, are photon operators of the mode. Both operations R and R + were implemented experimentally. Using 
them onc can entangle ions with vibrational mode, rotate each ion, map the state of modes into ions and other. As 
result from the initial state of the trapped ions \SSS) the desired entanglement can be prepared. 
Indeed evolution given by R and RJ has the same form, when only one photon of vibrational mode is involved. Let 
|0> = IS") or IS") <g> |1) 6 and |1) = \D) or \D) ® |0) b , then one finds 

R,R) : a|0)+/3|l) -> (a\0) + (3\í)) cos6»/2 + i(ae~ l0 |l) + /3e^|0)) wa.6/2, (30) 

where \a\ 2 + \(3\ 2 = 1. 

To generate W state it needs a sequence of 5 làser pulses addressed to ion 2, 3 and 1 

i?+(2 arccos(l/\/3), 0)í? 3 (tt, n)R+(n/2, tt)Ri(tt, Q)Rt(n, n), 

where first R£(2 arccos(l/-\/3), 0) is a beamsplitter-like pulse on ion 2, which entangles its state with the vibrational 
mode generating a non-symmetric superposition l/^/3(\SSS)\0)b + iV2\SDS) \l)b)- Next pulses result in the W state 
of ions 1/\^3(\DDS) + \DSD) + \SDD)). In this experiment for reconstruction of density matrix the state tomography 
has been used, and fidelity of 83% was observed. 

The 40 Ca + ion has an additional Zeeman level D' so that làser pulse on S — D' transition can map the state 
15) — * \D') and back. The mapping allows readout individual ion from the quantum ion trapped register while 
preserving coherence. In the experiment with three-partite entanglement the states of two ions were mapped into 
S — D 1 space. After reading the remainder ion, the làser pulses remap the states into original space preserving 
coherence. 

The presented technics allows generating and manipulating entanglement and are promising for quantum computing. 

B. Optical schemes for light 

1. States of light and structure of the schemes 

For quantum state engineering the optical implementation of the W states is attractive because of set of simple 
resources can be used. Light is usually presented by its modes, which are specified by its wave vectors k or "which 
path" , polarization, say horizontally H and vertically V, and occupation number. So \2H)k is a iZ-polarized mode 
with wave vector k and occupation number 2, but for shortness they often say about two H photons, that pass along 



k direction or belong to the same space mode. In proposals and experiments two types of multimode states are 
discussed. First of them has one photon distributed into n modes 

W n (l) = 1/VÏÏ(|1...00) + ...|0...01)), (31) 

and second known as polarized W state reads 

W n (V) = l/Vn(|V . . . HH) + ...\H... HV)). (32) 

The presented definitions are directly generalized to f] n (l) and T] n (V). 

From point of the view of QIT, that considers logical qubits, both states H31(l and 132(1 are equivalent up to labelling 
Q <-> H, 1 <-> V, therefore they have the same entropy, degree of entanglement and so on. Also statistics of light in 
these states are similar. For W n (l) one finds the next correlation functions 

(fflfc) = (aka m ) = 0, 
{a\a m ) = (alaka^am) = í/n. (33) 

It follows, that each of the modes has subpoissonian statistics of photons with the Mandel parameter £ = —1/n. In 
modes the photons are anti-correlated because the coincident rate of the photon counting (a^aka^am) is less then 
product (a[üfe) (aj,a m ) . All these properties are true for W n (V). 

There is a difference between these states. Indeed all current proposals based on the linear lossless optical elements 
permit only conditional preparation of W n (V) in contrast to W n (l). 

Considering the optical schemes proposed for generation of the W states, one finds a similar structure of them. Thcir 
main resources are linear optical elements U, sources of light S and photon detectors D. A set of the linear elements 
is presented mainly by beamsplitters (BS), polarized beamsplitters (PBS), half- and quarter- wave plates (HWP, 
QWP), and othcrs. These devices are passive, conserve the number of photons and can be described by an unitary 
transformation U . One of the most popular sources of light is the type-I and the type-II parametric down convertor 
{PDC) in the threshold regime known as spontaneous parametric source (SPDC), also the single-photon source (SPS) 
is often discussed. For several experimental proposals it requires commercial photon detectors, which can't resolve 
the photon number of detection. So that these elements are seem to be feasible by current technologies. 
Each scheme has two partitions at last. First splits the photons of sources by linear optical elements into the output 
photons O and the working photons M: 

S -> U s -> [O - M]. (34) 

In the second partition after some unitary transformations all M photons come to detectors and O photons leave the 
schemes: 

<- U <- [O - M] -> U M -> D. (35) 

The key idea is simple. A given set of linear optical elements entangles photons of the source and distributes them 
so that their superposition contains a desired state of O photons. It is extracted with a probability by a projection 
measurement on M photons. The probability of the successful outcome depends on the resources used and is one of 
the main characteristic of these schemes. 



2. Experimental proposals 

The above abstract arguments can be found by examining several experimental schemes proposed. 
First note, that a scheme for W state using third order nonlinearity for path entangled photons has been introduced 
by Zeilinger et al. [3J|. 

In the scheme for the generation of W^F) introduced by Mathis et al. |3l| the presented setup consists of the type-II 
PDC and two SP S's as input modes. With the help of the post-selection strategy developed for GHZ |32] the W4(V) 
state can be achieved with probability 2/27 also W^I^) can be done. 

An example of preparation of with probability 1 and W^F), W^y) is given by Tomita et al. 0]. The main 

resources are a set of n single-photon sources and a lossless n x n multiport fiber beamsplittcr. If one photon enters 
the input of the multiport beamsplitter the output state is 77„ (1) or particular VF„(1) for symmetric configuration 
because of one photon is distributed with n output modes 



U n : |10...0) -f W n {l). 



(36) 



This method is generalized to W n (V) but only conditional schemes can be achieved. One of the reasons of it is that 
already two input photons are transformed by a beamsplitter into three states a| 11) + ò| 20) + c|02), however two of 
them 1 20) , 1 02) are often unwanted. Thcn it needs a post-selection. Let three photons H, H, and V enter the input of 
a tritter U 3 at the same time, then 

U 3 : \lH) 1 \lH) 2 \lV) 3 ->aW 3 (V) + .... (37) 

If we select outcome in which there is only one photon in each output then the polarized Ws(y) states are obtained 
with probability 1/9. The found setup results in W4<V) with probability 1/16, which is larger than 2/27 of Ref. j^J 
Two schemes for W^tV) with type-II PDC and a set of SPS's is discussed by Yamomoto et al. [34j. In the first schcme 
beamsplitters transform the four photon states of PDC into a superposition of the form 

\2H) k \2V) k -» a\lV) k W 3 (V) + \lH) k W 3 (H) (38) 

Then after a projection measurement on the working photon in k mode the Wa(V) or W 3 (H) is prepared with maximal 
probability 3/32. The second scheme includes three SPS's and is similar to (|37|l . 

Using schemes proposed by Kobayashi et al. in ref. [35| the VF^F), GHZ and ZSA states are generated. The 
experimental setup includes type-I and type-II PDC. In the first scheme the state of sources is transformed by a 
tritter 



(\lH) a \lV) b + |lV%|LH)6)|2H)c -> aW 4 (V) 



(39) 



and projeets onto a single photon state. By this way Ws(F) can be done with probability 0.0165. In this scheme 
the type-I PDC can be replaced by làser beam, from which the Fock state \mH) originates. In the second scheme 
the initial state involved two photons from each PDC |4iï) o |0)& + \2H) a \lHlV)b + \0) a \2H2V)b are transformed into 
VFt(F) or to ZSA state. Indeed, in these schemes all photons are working and are detected. 
Type-I PDC of a two-crystal geometry is proposed by Kobayashi for generation of four-photon entanglement 
The scheme presented at fig. 1. The source produces the four-photon state a\AH) + b\AV) + c\2H2V). Experimental 
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FIG. 1: Scheme for generation of W 4 (V) using four-photon states a\4H) + /3|4V) + j\2H2V) of Type-I PDC of a two-crystal 
geometry 



setup includes beamsplitters, that transform the state of source into entangled aW 4 (H) + bWiiV) at a, b, c and d 
outputs. To extract IFi(F) there is a set of beamsplittes BS V , which have a small transpareney for V photons. By 
this way the obtained state of the transmitted and reflected photons reads W 4 (H) and VF^F) and is achieved by 
projective measurement. Consider efficiency of these scheme. It can be calculated assuming, that the probability of 
generation a photon pair is about v = 4 X 10~ 4 per pulse. Probability of the four-photon events the probability has 
order of v 2 = 8 • 10~ 8 . For a pump làser with a 100-MHz repetition rate the generation rate of W4(F) is about 10 _1 
per second and with the 50% detection efficiency one finds 1 desired state per minute. 



C. Experiments 



The recent experiments for generating multiphoton entanglement are based on PDC and linear òptics elements 
manipulating polarized light. 

Weinfurter et al have proposed a type-II PDC j^ïj that has been used as a source in many experiments. Its state is a 



superposition of the four-photon GHZ and the tensor product of two maximally entangled EPR pairs, emitted into 
the two spatial modes 



f (4) = y/2~JZ\GHZ) - ^/ÏJÏ\EPR)\EPR). 



(40) 



Here \EPR) = (\H) a \V) b + \V) a \H) b )/y/2, and GHZ has two indistinguishable photons of the same polarization into 
one space mode : \GHZ) = {\2H) a \2H) b + |2V} |2V}&)/v2< This is not a product of two entangled pairs. If each 
of two modes splits at a beamsplitters, correlations between four photons can be observed [38(. However it needs to 
select events such that one photon is detected in each of the four modes. Two types of coincidence due from GHZ 
and EPR state between 300 and 100 per hour for integration time of 5 and 17.5 h. have been observed. By this way 
the Bell inequality for four qubits has been tested. 

Using the source generated \J>( 4 ), Weinfurter et al [3£j have generated the ^(V) state and examined its entanglement. 
The experimental setup is given at fig. 2. Four photons in the state are distributed into four modes t,a,b, and 
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FIG. 2: Experimental setup to generate W 3 (V) by the SPDS source state of * (4) = ^2/3\GHZ) - <fíJ?,\EPR)\EPR) 



c. By detection a photon in each of the arms the WsfV) entanglement in a,b,c modes is prepared. In experiment 
several characteristics have been tested to verify the observed state. First is the coherence arisen from of the wave 
function. The reason is that the desired state is produced by independent measurements of the modes and coincidence 
photocurrents are examined. However by this way coherence of the wave function can't be detected and both the pure 
state and mixed one can't be distinguished. Second is the robustness of the W. In experiment it has been tested by 
performing an one-mode measurement, that projeets a mode in to H or V state. It needs two measurements of the 
such type to destroy entanglement. So that after projecting in \H) a an EPR pair of the form 1/^2{\HV) + \VH)) bc 
has been observed. Also the generalized Mermin inequalities [I(J has been examined. However Cereceda has pointed 
out, that these inequalities can't verify the tripartite entanglement |4Ï) 

A problem of detection of genuine multiparticle entanglement of W3(V) and has been studied experimentally by 
H. Weinfurter et al. j^. A set of witness operators has been measured for W and using a set of polarization 
analyzers which consist of QWP, HWP and PBS. One of the witness for W is given by (|26|) . where the spin observable 
a z corresponds to measurement of H, V linear polarization, a x , a y corresponds to analysis of ±45° linear polarization 
(left-right circular polarization). By this way the genuine W entanglement has been demonstrated. Indeed for four 
-photon state, 15 different analyzer settings are required. 

Several quantum informational tasks can be done using the four-photon state \p( 4 ). Weifurter et al. [2(j have 
demonstrated preparation of decoherence-free states which enable to encode a qubit in decoherence-free space. The 
scheme is presented at fig. 3. In experiment two DF states of the form and (|2C)|> were generated from l'W and 
sent into noisy channel. The channel is presented by inserting QWP and HWP in each modes. The invariance of 
the encoded information has been observed by comparing the density matrix before and after the interaction with 
environment. 
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FIG. 3: Experimental setup for decoherence-free communication. The photons of the source are distributed into four mode 
a,b,c,d. The noisy channel is presented by quarter- (QWP) and half wave plates (HWP). Polarization analyzers (PA) are 
employed for the registration of the decoherence-free states. 

IV. APPLICATIONS 

Some information tasks need entanglement so that there is a question whether MES of the W-class can be used. 
It has been found that some of these states are suitable for the problem of secrete sharing and key destribution > 
teleportation and dense coding also the distillation protocols 0], have been proposed. 



A. Quantum key distribution and secrete sharing 



Key distribution and secrete sharing are problems of classical cryptography and can be implemented using quantum 
resources, particularly W state and projective measurements. Let three parties Alice, Bob and Claire share the W 
state given by @ and perform randomly measurement of a x and a z on his own particle. The key idea of using W 
state is that after projecting onto 10)^ Bob and Claire have in their hands entanglement ( 1 01) + 1 10) )/ a/2 and the 
subsequent outcomes of their measurements will be correlated. In contrast after projecting onto \1)a they have a 
product |00) and the independent outcomes àries. This is a basis of quantum key distribution (QKD) because two 
correlated outcomes represent a key bit in the Bob and Claire hands. Quantum secrete sharing (QSS) is a QKD 
among n persons in such a way that one's key message can be retrieved by the k < n persons if they cooperate all 
together. 

In more detail. To describe the measurement of a x and a z introduce their eigenvectors 



<Jx\X±) 



X±\X±) 



Vz\Z±) 



z±\z±) 



(41) 



where \x ± ) = (|0) ± |1»/A \z±) = |0), |1), and x±,z± = ±1 are eigenvalues or outcomes of the measurement. In the 
case of projecting, for example, into \z+) outeome of the measurement is z + . Using these notations W state can be 
written in the form 



W = (l/V3)[|a+*_ar_) + \z^z + zJ)\z-Z^z + )] 
{l/y/S)\z+)[\x + x+) - \x-xJ)] + {l/2V3)\z-)[\x+x + ) + \x + X-) + \ X -X+) + |af_a?_)]. 



(42) 



When Alice has outeome z+ then Bob and Claire obtain the same outeome x+ or x_ which is a key bit. The success 
probability in distributing a key bit is 2/3 . The case when Alice has outeome z_ is useless and discarded. Note, 
the difference in correlation between two states = (|01) + |10))/v2 and |00) in the Bob and Claire hands. It is 
presented here by the number of outcomes, which are x+x + ; x^x- for and for |00). 

So any correlation may reduce the total number of outcomes. The protocol requires 12 qubits per a key bit at average. 



On the other hand the protocol E91 (based on Bell's theorem and EPR pairs as a quantum channel) has the overall 
success probability 2/9 and it requires 9 qubits per bit. 

In QSS Bob and Claire are expected to retrieve message from Alice in their cooperation. If Alice has outcome z+ 
then Bob and Claire have opposite outcomes out of z + and z~. Otherwise both have the same outcome z+. When 
Bob and Claire cooperate they can collect their outcomes to correctly deduct the key bit of A. The overall success 
probability is 1/8 which is determined by the probability of the choosing measurements. Due to this argument 24 
qubits are necessary to share a key bit. It has been shown that these protocols are secure against simple individual 
attacks by an eavesdropper. These attacks are such that Eve performs an unitary operation on a composite system of 
her auxiliary qubit and one of the three qubits which are involved in a secure communication and she tries to extract 
some information by measuring her auxiliary qubit [4rj |. 



B. Distillation of W 



When an entangled state is transmitted its quantum correlations can be destroyed because of noise. To achieve a 
faithful transmission Bennet at all have proposed purification of the state using LOCC It can be done using a 
set of the Pauli and CNOT operations. In [45j a protocol for distillation of the form 



a|100) + 6|010> + c|001) -> (1/V3)(|100) + |010) + |001>) 
has been proposed. It includes two points: 1/ unitary transformations Uk, k — 1, 2 on W and ancilla qubit 
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(43) 



(44) 



-Vk j 



where v\ = c/a and V2 — c/b, 2/ a measurement on ancilla. The successful probability is 3c 2 . This protocol can be 
simulated in cavity QED. 



C. Teleportation and Dense coding using W-channel 



Quantum teleportation, that allows transmitting an unknown states, is attractive for Communications also for 
computing as primitive for quantum computations |48| . The protocol has been demonstrated experimentally for 
teleportation of polarized photon ^íj , coherent state of light [5(| and atom [Hï| • In the Standard protocol an unknown 
qubit state 

<p = a\0)+p\l) (45) 

can be transmitted using an EPR pair as a quantum channel, 2 bits of classical information gained in the Bell-state 
measurement and Pauli matrixes, which are retrieval operators. 

Instead of EPR pair Karlsson ct al. 52] have considered the tree-particle GHZ entanglement for sending unknown 
qubit to two receivers. It can be done probabilistically because of the non-cloning theorem, which forbids copying of 
an unknown states by linear unitary transformations [5J| . However one of the receivers can retrieve unknown state if 
he'll cooperates with other receiver. 

Can the W states be suitable for teleportation as a quantum channel? In a large number of the presented protocols 
the task of transmitting unknown qubit is accomplished probabilistically only [S4|. |43j . Nevertheless there is an 
unconditional protocol for teleportation of entangled state 

4> = a\Ql) + (46) 

which has been proposed in our Ref. |55T |. It based on the observable, that two entangled qubits can be transmitted 
perfectly in the GífZ-channel by 3 bits of classical information if a Bell-like state measurement [H(J is performed 

4>i2 ® \GHZ) ABC = (1/VS) \**)ua[B x ® C x ]^bc, (47) 

x 

where each of the eight vectors § x is a product of the Bell state and eigenvector of a x , the retrieval operators B, C 
are defined by Pauli matrixes. This equation telis, that if the GHZ channel allows teleportation of a state <j>, then 



this state can be teleported using any channel, obtained from the GHZ one by unitary transformation, that involves 

all partides of the channel except one. 

The required two-particle transformation reads 

V = |* + )(00| + 1 11) (01 1 + |* _ )(10| + |00)(11|. (48) 

It is a non-local unitary operation, that convert GHZ into a state from the W class 

(1 ® V)\GHZ) ABC = (1/V2)|100) + (l/2)j010) + (1/2)|001). (49) 

By applying this transformation to both sides of Q47|l we have teleportation of entangled state by the channel of the 
W class. There is new feature of the recovering operators which become non-local. The obtained W channel can 
accomplish tree-qubit dense coding, when three bit of classical information can be send by manipulating two qubits 

i&a, m 



V. CONCLUSIONS 

Considering MES of the VF-class we find interesting properties, proposals of their implementations and experimental 
realizations. They can be used for teleportation and dense coding also in quantum quantum cryptography for key 
distribution, secrete sharing and others. One of the important features of these states, that follows from their 
entanglement, is robustness, which distinguishes them from another states. So it has been shown that they have 
immunity to decoherence being decoherence-free states. However exploiting of this properties is not easy problem 
and we think that one of the main open qüestions is how to use fully the potential of MES from the W class. 
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